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Abstract
We obtain a new solution to the star-triangle relation for an Ising-type model with two
kinds of spin variables at each lattice site, taking continuous real values and arbitrary integer
values, respectively. The Boltzmann weights are manifestly real and positive. They are expressed
through the Euler gamma function and depend on sums and differences of spins at the ends of
the edge.
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The star-triangle relation is a distinguished form of the Yang-Baxter equation for Ising-type
models on two-dimensional lattices. In these models the fluctuating variables or “spins” are as-
signed to lattice sites, while two spins interact only if they are connected by an edge of the lattice.
Remarkably, many physically interesting models in this class can be solved exactly, for instance,
the 2-d Ising [1] and the chiral Potts [2,3] models (see [4,5] for a review of other known cases). The
star-triangle relation plays the role of the integrability condition for these models.
Recently, Bazhanov and Sergeev found a very important “master” solution [6] of the star-
triangle relation, which contains all previously known solutions of this relation as particular cases,
and provides many new interesting examples. The above master solution is expressed in terms
of the elliptic gamma function. It contains two arbitrary free parameters p and q, which play
the role of elliptic nomes. The spin variables take continuous real values on the circle. Various
interesting cases arise when the parameters p and q approach some special values. These limits
are rather singular and their consideration requires a detailed analysis on a case by case basis (for
a comprehensive account see the forthcoming paper [5]). In the present paper we consider one
particular remarkable limit of the master solution, which leads to a model with two types of spin
variables at each lattice site. These variables take continuous real values and discrete integer values,
respectively. Mathematically the master solution of [6] is related to the elliptic beta integral [7]. Here
we consider first a degeneration [8] of this solution related to the “hyperbolic beta integral” [9,10].
Then we consider the so-called “strong coupling regime”, where new integer-valued spin variables
dynamically arise at each lattice site. Our calculations generalise the results of [11].
Consider the square lattice of N sites and assign spin variables xj , j = 1, 2, . . . , N , taking some
continuous set of values, to all lattice sites. Two spins interact only if they are connected by an
edge. Let Wα(x, y), Wα(x, y) denote Boltzmann weights for horizontal and vertical edges, where
x and y are spins at the end of the edge, as shown in Figure 1. We assume that the edge weights
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Figure 1: Edges of the first (left) and second types and their Boltzmann weights.
depend on the (additive) spectral variable α and are related to each other by the crossing symmetry
Wα(x, y) =Wη−α(x, y), where η is the model dependent crossing parameter. Moreover we assume
that the weights are reflection symmetric Wα(x, y) = Wα(y, x). It is also convenient to introduce
single-spin weights S(xj), which are independent of the spectral variable α. The partition function
is defined as
Z =
∫
· · ·
∫ ∏
(ij)
Wα(xi, xj)
∏
(kl)
Wη−α(xk, xl)
∏
m
S(xm) dxm , (1)
where the first product is taken over all horizontal edges (ij), the second over all vertical edges
(kl) and the third over all internal sites of the lattice. We will implicitly assume fixed boundary
conditions. Obviously the single spin weights S(xj) can be included into the definition of the edge
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weights, but we prefer not to do so. The model is integrable if the weights satisfy the star-triangle
equation of the form
∫
dx0 S(x0)Wη−α1(x1, x0)Wη−α2(x2, x0)Wη−α3(x3, x0)
= R(α1, α2, α3)Wα1(x2, x3)Wα2(x1, x3)Wα3(x2, x1) ,
(2)
where the spectral parameters α1, α2, α3 satisfy the relation α1 + α2 + α3 = η and the factor
R(α1, α2, α3) is independent of the spins x1, x2, x3.
Let us now define the Bazhanov-Sergeev master solution [6]. Introduce the elliptic nomes p, q,
and the crossing parameter η
q = eiπτ , p = eiπσ , | p | , | q | < 1 , e−2η = pq , η = −
iπ
2
(τ + σ) . (3)
The elliptic gamma function [12,13] is defined as
Φ(z) =
∞∏
j,k=0
1− e2izq2j+1p2k+1
1− e−2izq2j+1p2k+1
= exp


∑
n 6=0
e−2inx
n(pn − p−n)(qn − q−n)

 , (4)
where the exponential form is valid in the strip | Im z | < Re η. The Boltzmann weights are defined
by
S(x) =
eη/2
2π
ϑ1(2x | p)ϑ1(2x | q) , Wα(x, y) = κ(α)
−1Φ(x+ y + iα)Φ(x− y + iα)
Φ(x+ y − iα)Φ(x− y − iα)
, (5)
where ϑ1(z | q) is the standard Jacobi theta function [14]. Note, that the weights are periodic
Wα(x+ π, y) =Wα(x, y + π) =Wα(x, y), S(x+ π) = S(x). (6)
Correspondingly, the spin variables in (1) take values in the interval 0 ≤ xm < π. The normalisation
factor κ(α) in (5) reads
log κ(α) =
∑
n 6=0
e4αn
n(pn − p−n)(qn − q−n)(pnqn + p−nq−n)
. (7)
The above Boltzmann weights satisfy the star-triangle relation (2) where the integration is taken
over the segment 0 ≤ x0 < π. Below we assume that the spectral parameter α lies in the domain
0 < α < η. In this case the weights (5) are real and positive.
With the normalisation (7) the factor R in (2) is equal to one. For the same normalisation, the
weights (5) also satisfy the following inversion relations
Wα(x, y)W−α(x, y) = 1 ,∫ π
0
dz S(z)Wη−α(x, z)Wη+α(z, y) =
1
2S(x)
(δ(x + y) + δ(x− y)) .
(8)
These relations allow one to show [6] that in the thermodynamic limit, when the number of lattice
sites goes to infinity N →∞, the bulk free energy of the system vanishes,
lim
N→∞
N−1 logZ = 0 . (9)
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As a mathematical identity the star-triangle relation (2) is equivalent to the elliptic beta integral
[7], which plays a fundamental role in the theory of elliptic hypergeometric functions. Its significance
for solvable models of statistical mechanics was discovered in [6].
Now consider the hyperbolic limit [8] of (5). Introduce the modular parameter b to take values
in one of the following two regimes
(i) b > 0 , (ii) | b | = 1 , Im (b2) > 0 . (10)
The non-compact quantum dilogarithm is defined as the integral
ϕ(z) = exp
{
1
4
∫
R+i0
e−2iyzdy
y sinh(yb) sinh(y/b)
}
, | Im (z) | < Re (η) , (11)
where the singularity at the origin is taken below the contour. Substituting
p = e−bǫ , q = e−b
−1ǫ , xi = xiǫ , αi = αiǫ , i = 1, 2, 3 , (12)
into (5) and taking the limit ǫ→ 0, one obtains [8],
S(x) = 2 sinh(2πx0b) sinh(2πx0/b) , Wα(x, y) = κ(α)
−1
e
4παxϕ(x+ y + iα)
ϕ(x+ y − iα)
ϕ(x− y + iα)
ϕ(x− y − iα)
. (13)
These weights satisfy the star-triangle relation (2), where the integration taken over the whole real
line and the crossing parameter is given by η = (b+ b−1)/2. The normalisation factor κ(α) in (13)
reads
log κ(α) =
1
8
∫
R+i0
e4yzdy
y sinh(yb) sinh(y/b) cosh(2yη)
+ πiα2 −
πi
3
η2 +
πi
24
. (14)
The weights (13) define a physical model of statistical mechanics, rather similar to the Faddeev-
Volkov model [15, 16]. The spins now take arbitrary values on the real line xj ∈ R. The above
limiting procedure does not affect the bulk free energy of the system, so that the relation (9)
continues to hold for the new model.
Let us now consider a further specialisation of the above generalised Faddeev-Volkov model (13),
when the parameter b → i, or equivalently, η → 0. In this limit the weights Wα(x, y) develop a
series of delta function like peaks for integer values of the sum x+ y ∈ Z or differences x− y ∈ Z of
the arguments x, y. This limit was previously investigated for the Faddeev-Volkov model [11] and a
similar phenomenon was observed. A correct limiting procedure capturing a fine structure of these
peaks requires a redefinition of the spin variables. The asymptotics of the non-compact quantum
dilogarithm ϕ(z) and the function κ(α) read
ϕ(n+ xη) = e−iπ/12(4πη) ix
Γ(1−n+ix2 )
Γ(1−n−ix2 )
, κ(βη) = (8πη) iβ
Γ(1+iβ2 )
Γ(1−iβ2 )
, (15)
where η → 0, n ∈ Z, x≪ η−1 and 0 < β < 1. Using this in (13) one obtains the following η → 0
asymptotics,1
S(n+ xη)→8π2(x2 + n2) η2 ,
Wβη(m+ xη, n + yη)→
2−5β
(πη)−3β
Γ(1+β2 )
Γ(1−β2 )
Γ(1−β2 ±
i(x+y)−(m+n)
2 ) Γ(
1−β
2 ±
i(x−y)−(m−n)
2 )
Γ(1+β2 ±
i(x+y)+(m+n)
2 ) Γ(
1+β
2 ±
i(x−y)+(m−n)
2 )
,
(16)
1Here we use the compact notation, where the ± symbol in the argument of the gamma function indicates the
product of gamma functions with both signs are taken as e.g. Γ(a± b) ≡ Γ(a+ b)Γ(a− b)
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where m,n ∈ Z and x, y ∈ R. Substituting this into (2) and cancelling out singular factors from
both sides, one obtains the following star-triangle relation
∑
n0∈Z
∫ ∞
−∞
dx0 S(x0, n0)W1−β1(x1, n1 |x0, n0)W1−β2(x2, n2 |x0, n0)W1−β3(x3, n3 |x0, n0)
=Wβ1(x2, n2 |x3, n3)Wβ2(x1, n1 |x3, n3)Wβ3(x2, n2 |x1, n1) ,
(17)
where β1 + β2 + β3 = 1, and the Boltzmann weights are given by
S(x, n) =
1
2π
(x2 + n2) , Wβ(x, n | y,m) =
Γ(1+β2 )
Γ(1−β2 )
Γ(1−β2 ±
i(x+y)−(m+n)
2 ) Γ(
1−β
2 ±
i(x−y)−(m−n)
2 )
Γ(1+β2 ±
i(x+y)+(m+n)
2 ) Γ(
1+β
2 ±
i(x−y)+(m−n)
2 )
.
(18)
These weights give a new solution of the star-triangle relation for an Ising type model, where sites
of the lattice are assigned “dual spin” variables x
x = (x, n) , x ∈ R , n ∈ Z , (19)
taking arbitrary real and integer values, respectively. The Boltzmann weights (18) satisfy the spin
reflection symmetry x↔ y, for two spins x,y connected by an edge as in Figure 1. The bulk free
energy (9) of the corresponding 2-d lattice model remains unchanged.
The star-triangle relation (17) is derived in the strong-coupling limit of the generalised Faddeev-
Volkov model (13), the latter model arising as a hyperbolic degeneration of the master solution
(5). From either of the models (5), (13), new solutions of the star-triangle relation can be found
as different singular limits of the parameters p, q, and b respectively. In each case, the spins and
spectral parameters should be redefined, as was done here in (12) and (16), in order to obtain
convergent limits.
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